
Math 115 Problem Set 1

Due June 24, 2010

Do the following exercises from the book: 1.3, 1.8 (I think it’s easier to do part (b) first),
1.9, 1.12, 1.13, 1.14

1. Compute gcd(4819, 4087) by hand. Look up the definition of a “simple continued frac-
tion” (either in the book or online) and express 4819

4097
as a simple continued fraction.

2. Prove or disprove: gcd(ac, bd) = gcd(a, b) gcd(c, d) for all positive integers a, b, c, and d.

3. Let E be the set of even integers. Notice that you can add or multiply two elements of
E to get another element of E. Say that n ∈ E is E-prime if it cannot be written as
a product of two other elments of E. For example, 6 is E-prime because it cannot be
written as the product of two even integers.

(a) Show that every non-zero element of E can be factored into E-primes.

(b) Is the factorization in part (a) unique?

(c) Describe the set of E-primes (you may use the fundamental theorem of arithmetic
if you wish). Of the positive elements of E which are less than one billion, how
many of them are E-prime?

4. Let Z[i] = {a + ib ∈ C|a, b ∈ Z}. Define the “norm” map N :Z[i] → Z by N(a + ib) =
(a+ ib)(a− ib) = a2 + b2.

(a) Prove/Disprove: for all x, y ∈ Z[i], N(xy) = N(x)N(y).

(b) Show that an element x ∈ Z[i] is a unit if and only if N(x) = 1. Find all the units
of Z[i].

(c) Show that for any x, y ∈ Z[i] with x 6= 0, there exist q, r ∈ Z[i] such that y = q ·x+r
and N(r) < N(x). (Hint: find an element of Z[i] close to the complex number y/x.)

(d) Prove/Disprove: for a given pair x, y ∈ Z[i], the q and r in part (c) are unique.

(e) Show that for any x, y ∈ Z[i], there exists a d ∈ Z[i] with the property that z|x
and z|y if and only if z|d. (Hint: take d to be an element of the form αx+ βy with
minimal positive norm.)

(f) Which of the following are prime in Z[i]: 2, 3, 5, 6, 7, 11, 1 + i, 1 + 2i, 1 + 3i, 2 + i?
(Hint: use parts (a) and (b))

(g) Show that if p ∈ Z[i] is a prime and p|xy, show that p|x or p|y.

(h) Show that any non-zero element of Z[i] can be factored into primes, and these
primes are unique up to reordering and multiplication by units.


